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We have measured the ratio R of the vector ac-Stark effect (or hght shift) in the 651/2 and 61)3/2 
states of a single trapped barium ion to 0.2 % accuracy at two different off-resonant wavelengths. 
We earlier found R = As/Au = —11.494(13) at 514.531 nm where As.zj are the vector light 
shifts of the 6S1/2 and 5D3/2 m — ±1/2 splittings due to circularly polarized light, and now we 
report the value at 1111.68 nm, R — +0.4176(8). These observations together yield a value of the 
(5-D||er||4_F) matrix element, previously unknown in the literature. Also, comparison of our results 
with an ab initio calculation of dynamic polarizability would yield a new test of atomic theory 
and improve the understanding of atomic structure needed to interpret a proposed atomic parity 
violation experiment. 

PACS numbers: 32.70.Cs, 32.60.+i, 32.80.Pj 



I. INTRODUCTION 

Although the atomic structure of singly-ionized barium 
is generally well understood, and a number of precise cal- 
culations of transition matrix elements have been carried 
out in recent years ( [1, @, HII, [ill , among others), precise 
measurements of these matrix elements are relatively few. 
Among the low-lying electric dipole transitions, only the 
(6S'||er||6P) matrix element has been measured with an 
accuracy approaching 1%, while the (5I?||er||4i^) matrix 
element is unknown in the literature (see Table H]). Pre- 
cise measurements are needed to test modern many-body 
atomic theory in this alkali-like system to the 1% level 
and beyond. Such precision is necessary, for example, to 
interpret proposed measurements of parity violation in 
Ba+ and Ra+ [H [11111 • 




FIG. 1: This level diagram of Ba shows several relevant 
atomic states, transition wavelengths, lifetimes, and approx- 
imate decay branching ratios. The Zeeman structure of the 
651/2 and 51)3/2 states is shown explicitly; an external mag- 
netic field makes cus and lod a few MHz. 



Earlier we reported [TJ, [TB| developing a technique for 
evaluating matrix elements by precisely measuring ofF- 
resonant Zeeman-like light shifts in a single trapped bar- 
ium ion. Here we describe the technique in more detail, 
and present new measurements that, together with pre- 
vious results [l^ . provide a more complete picture of 
matrix elements involving low- lying states of Ba+. The 
technique is in principle generalizable to other atoms and 
ions possessing convenient metastable states; we show 
that unknown matrix elements can be individually tar- 
geted by choosing an appropriate off-resonant light shift 
wavelength. The key idea is to determine the ratio of 
light shifts simultaneously measured in two atomic states, 
thereby eliminating the need to precisely know or con- 
trol the light shift laser intensity. Our measurements 
place constraints on the Ba+ matrix elements that can 
test modern atomic theories, such as the coupled-cluster 
method, and ab initio techniques ( [sl. [Til [l^ . for exam- 
pie). 

Thr oug h dynamic polarization of a (two-level) 
atom [13], an off-resonant light beam shifts the energies 
of atomic states by 

AEi2^±h — , (1) 

where fl is the Rabi frequency that scales linearly with 
the light electric field strength and the atomic dipole ma- 
trix element (l|er|2), and S is the detuning of the light 
beam from the two state resonance frequency. Eq. [1] is 
easily generalized to multi-state atoms. The light shift of 
a state I7, j, m) due to an oscillating field E{t) = E cos cut 
is, to second-order in perturbation theory 18], 

Ai?,,,,™ = i^M^ ^ (7,j,m|er,|y,/,m') 

X {l',j',m'\erk\-/,j,m) (2) 
1 

X — , 

where E is the electric field strength times a polarization 
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TABLE L Collection of calculated and measured 5-D3/2 and 6S1/2 dipole matrix elements. The transition energies are derived 
from the collection []|. Data from i2i] are derived from published radial integrals. No signs are shown for experimental data 
which are sensitive only to the matrix element magnitude. Data from 3] (see also |jy|) are derived from absolute transition 
rates; data from |^ are derived from oscillator strengths. Data presented from 0] assumed LS coupling and rely on various 
measurements. A given set of matrix elements generates estimates of the light shift ratio R (see Eq. |9]) to be compared with our 
measured results i?5i4.53i nm = —11.494(13) and -Riiii.es nm ~ +0.4176(8). Arbitrarily, the estimates of R below use results 
from when otherwise not available in a given column. Note the lack of published experimental data on (5-D| |er| matrix 
elements. 









Dipole matrix elements (units of eao) 








Theory 






Exp eriment 




Transition 


A_E,, (cm"M 


Rcf. f8] 


Rcf. [2] 


Rof M 


Ref f3l 


Ref [51 


Ref. [6, 71 


60i/2-D/^l/2 


zUzDi.ODi 


3 39fifi 


3.310 


O.OUU 


O.ODI^ID ) 




0.00(4) 


^^1/2 3/2 


21952.404 


-4.6982 


-4.674 ( 


— )4.658 


4.45(19) 


4 69(16) 


4 55n0) [61 


GiSi /r>—7Pi 10 


49389.822 


0.1193 


-0.099 








0.24(3) [71 




50011.340 


-0.3610 


-0.035 








0.33(4) [7| 


6S'i/2-8Pi/2 


61339.5 


-0.4696 


-0.115 








0.10(1) [7] 


6S1/2-8P3/2 


61642.0 


0.5710 


0.073 








0.15(2) [7] 


5D3/2-6P1/2 


15387.708 


-2.9449 


3.055 


3.009 


3.03(9) 


2.99(18) 


2.90(9) [6| 


5-D3/2-6P3/2 


17078.552 


-1.2836 


-1.334 ( 


-)1.312 


1.36(4) 


1.38(9) 


1.54(19) [6| 


5-D3/2-7P1/2 


44515.970 


-0.3050 


0.261 








0.42(11) [7] 


5D3/2-7P3/2 


45137.488 


-0.1645 


-1.472 








0.19(5) [7] 


5P'3/2-8Pl/2 


56465.6 


-0.1121 


0.119 








0.23(6) [7] 


5P'3/2-8P3/2 


56768.1 


-0.0650 


-0.070 








0.10(3) [7] 


5PI3/2-4P5/2 


43384.765 


-3.69 [10] 












5D3/2-5P5/2 


52517.070 


1.59 [10] 












5D3/2-6P5/2 


59722.48 


0.44 flO] 












Pa = 514.531 nn 


prediction 


-13.41 


-12.55 


-12.75 


-13.21 


-13.35 


-13.98 


Pa = 1111.68 nir 


prediction 


0.4444 


0.4146 


0.4168 


0.5001 


0.5110 


0.7444 



vector e, e is the electron charge, and summation over the 
indices i and k is implied. The term containing +huj in 
the denominator (termed the 'Bloch-Siegert' shift in the 
context of radio frequency spectroscopy) is often ignored 
when the rotating wave approximation is made [l9| but 
must be included here. 

The next order in perturbation theory, called hyper- 
polarizability, is unimportant unless the supposedly ofF- 
resonant laser is accidentally resonant with a two-photon 
transition [20| . We empirically find no hyperpolarizabil- 
ity effects by confirming that ratios of light shifts do not 
change with laser intensity. 

If the light shifts are much smaller than the Zeeman 
energies, the resulting energy shift also can be written 
in terms of tensor ranked polarizabilities ao, ai, and 02 



6S1 



. 2 ' ' . 2 j ^ ' 




02 pm2-j(j + l)\ 3|i?,|2-|£;|2 
2 



j(2j - 1) 



(3) 



quadrupolc / tensor 



which is identical to the form of the dc-Stark effect except 
for the addition of a vector-like term. In general, the 
vector shift term is maximal for pure circularly polarized 
light aligned with any existing magnetic field. In other 
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FIG. 2: Structure of the multipole light shifts in the 65'i/2 
and 5-D3/2 states. In this schematic, we imagine a magnetic 
field splitting the 65i/2 and 5D3/2 sublevels by cos and uin 
in the vector structure of the Zeeman interaction. Further 
(assumed small) perturbations due to the ac-Stark effect add 
scalar, vector, and tensor-like shifts. 



words, both the relative strength of circular polarization 
, , Ex E* ■ z 



(4) 



and the vector light shift term are maximized when E = 
E{x ± iy)l^2. Other researchers call this the 'Zeeman- 
like' ac-Stark shift [2l[ or a vector shift specified by a 
'fictitious' magnetic field ([l^], [ssj). 

We now focus on the 65*1/2, ™ = ±1/2 and 5L'3/2, = 
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TABLE II: Scalar, vector, and tensor coefficients used in esti- 
mating the light shift ratio shift magnitudes in the m = ±1/2 
splittings in the &S\/2 and 5D3/2. In particular, the constants 
v{j, j') are necessary in the computation of our measured light 
shift ratios in Eq. |9] 

Relevant light shift coefficients 
(j, j') [Scalar s{j,j') Vector v{j,j') Tensor t[j,j') 
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±1/2 splittings los and lud (refer to Figure [T]) and their 
associated light shifts As and Ad- As shown in Figure [21 
only vector pieces of the ac-Stark effect can accomplish 
such shifts. Therefore, scalar and tensor light shifts are 
not directly measured (though we will see that the tensor 
piece in the 5D^/2 state plays a role in small systematic 
ujd resonance line-shape distortions). If we define the 
shifted resonances 
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then we can form a quantity we call the light shift ratio 
from the measurement of two shifted and two unshifted 
resonance measurements 
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Writing Eq. [3 in terms of atomic dipole reduced matrix 
elements, the light shift ratio is 
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where E^ij' is the energy of state ijJ = 2n/X is 

the off-resonant laser frequency, and v{j,j') is a vector 
light shift coefficient calculated from Clebsch-Gordan co- 
efficients and tabulated with similar scalar and tensor 
shift coefficients in Table [III In Section I VIII we will use 
Eq. [5]to interpret our measurements. One result will be 
improved values for some of the dipole reduced matrix 
elements (65i/2| |er| I7', j') and (5£'3/2||er||7',/). Cur- 
rent theoretical calculations and previous measurements 
of these are shown in Tablc[Tl and are sufficiently accurate 
to compute an estimate of the light shifts A5 and A^ as a 
function of laser wavelengths. We plot the results in Fig- 
ure [31 Assuming pure circular polarization and a 20 /im 
laser spot centered on the ion, observed shifts are approx- 
imately As = 2.59 kHz/mW, A^, = -0.187 kHz/mW 
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FIG. 3: (top) Estimated total light shifts As and Ad assum- 
ing a 20 fim, circularly polarized laser beam, (middle) The 
fractional sizes and signs of contributions to the vector light 
shifts As and Ad due to various nearby states, shown on 
a linear and (bottom) a logarithmic scale plots. Notice, for 
instance, that in the visible spectrum, the dominant contri- 
bution to the 6Si/2 vector shift As is due to the large and 
oppositely signed contributions of 6P1/2 and 6P3/2. 



at A = 514.531 nm, and As = 0.069 kHz/mW, A^, 
0.093 kHz/mW at A = 1111.68 nm. 



II. APPARATUS 

As described in earlier reports [isl . [l6| . we trap sin- 
gle barium ions in a twisted-wire Paul-Straubel ring 
trap roughly 0.75 mm in diameter. The trap itself is 
made from tantalum, and all nearby surfaces — vacuum 
feedthrough pins, ovens containing pure barium, dc com- 
pensation electrodes, an electron emission filament, and 
a half loop of wire that serves as a source of spin-flip ra- 
dio frequency fields — are made from non magnetic tung- 
sten or tantalum. A uniform 1.5 G magnetic field, 
established by coils mounted on the vacuum system, 
splits magnetic sub-levels by a few MHz and avoids a 
fluorescence dark state [l^. Surrounding the vacuum 
chamber and magnetic fleld coils are two layers of mag- 
netic shielding. Un-lightshifed spin-resonance resolu- 
tion is ultimately limited by residual magnetic noise of 
~ 40 /j,G/VHz at the site of the ion. 

We perform Doppler cooling on the 493 nm &S1/2 ^ 
6P1/2 transition while also applying a 650 nm laser to 
prevent the ion from populating the metastable 51)3/2 
state. Both of these lasers are locked to an opto-galvanic 
resonance in a barium hollow cathode lamp; the 493 nm 
laser linewidth is typically 10 MHz while the 650 nm 
laser linewidth is purposefully broadened by modulation 
to ~ 100 MHz to destroy a coherent population trap- 
ping dark state in this system [2j]. Camera optics im- 
age the ion fluorescence onto a photo-multiplier tube; we 
typically observe 4000 counts/s of 493 nm fluorescence 
when slightly above saturation. Filtered light emitting 
diodes (Lumileds) are light sources that cover the 455 nm 
6S1/2 6P3/2 transition that can result in a decay to 
the metastable 5D^/2 'shelving' state, and the 614 nm 
5-D3/2 6P3/2 transition that correspondingly emp- 
ties or 'deshelves' the 5D5/2 state. Though the diodes' 
spectra are extremely broad, we nonetheless can drive 
these transitions at rates exceeding 10 Hz. (We have 
driven the 65*1/2 ^ 5D5/2 electric-quadrupole transition 
at 1762 nm, most recently with a diode pumped fiber 
laser source, which would provide more efficient shelv- 
ing/deshelving in future experiments.) 

III. SINGLE ION RF SPECTROSCOPY 

We have developed a technique to measure the 65'i/2 
and 51)3/2 m — ±1/2 spin resonance frequencies lus and 
ujd (refer to Figure [T|) in a single trapped ion. After a 
period of laser cooling, the 493 nm beam is made dim 
and circularly polarized via an acousto-optic and electro- 
optic modulator. Since the laser beam is aligned with 
the dominant magnetic field, optical pumping into one 
of the 651/2 sub-levels results with extremely high effi- 
ciency; for this discussion we assume pumping into the 
m = — 1/2 state. Both the 493 nm and 650 nm resonant 
lasers are shuttered, and a precisely-timed pulse of radio- 
frequency voltage is applied to a half-loop of wire about 
1 mm away from the trapped ion, oriented such that an 
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FIG. 4; Single ion spin resonances in the 651/2 state as func- 
tions of frequency (top) and exposure time (bottom). See text 
for a description of the spin sensitive electron shelving tech- 
nique. We found that the low contrast of the spin resonances 
(due to an unfavorable branching ratio of decays from 6P1/2) 
could be improved by exposing the ion to several repeated rf 
spin flips and optical probe pulses as shown here. 



oscillating magnetic field perpendicular to the quantiza- 
tion axis develops. This pulse is engineered to be the ap- 
propriate duration and strength to be a so-called 7r-pulse; 
when resonant, it causes the ion spin to completely flip 
from m ~ —1/2 to m = -1-1/2. Then, a dim, circularly 
polarized 'probe' pulse of 493 nm light either leaves the 
ion alone if it remained in the 65*1/2, ^ state 
after the rf pulse, or moves it to the 6P1/2 if the rf pulse 
succeeded in flipping the spin to m = -1-1/2. Roughly 
30 % of the time, this excited ion will then decay to the 
long-lived 51)3/2 state. A 150 ms pulse of 455 nm light 
moves any ion still in the 65i/2 state to the 5D5/2 via 
a decay from 6P3/2 state (the decay fraction to 5D3/2 is 
fortunately very rare, approximately 3%). Finally, appli- 
cation of bright, linearly polarized 493 nm and 650 nm 
radiation results in ion fluorescence only if the ion is not 
stuck in 51)5/2; this is correlated to whether the rf spin 
flip was successful. 

This measurement sequence is repeated many times to 
gather statistics, and using several trial spin flip radio 
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FIG. 5: A rate equation model of optical pumping allows 
us to estimate the steady state population a_i/2 of the 
5-D3/2,m = —1/2 state when linearly polarized 493 nm and 
a~ polarized 650 nm light is incident on the single ion. We 
plot contours of a_i/2i a^n important parameter for a system- 
atic lineshape effect, against the misalignment angle of the 
650 nm beam to the magnetic field 9, and the strength of cir- 
cular polarization \a\. Notice that a_i/2 is maximized with 
imperfect polarization. 



frequencies to build a resonance curve as shown in Fig- 
ure m varying the rf pulse duration while on resonance 
shows the Rabi probability flopping. The contrast in such 
curves is low due to the 30% branching ratio we rely on 
to transfer spin information of the the 66*1/2 into state 
information in the 5D3/2 state. We found that we could 
improve the contrast of the spin resonances by apply- 
ing repeated rf spin slip and dim 493 nm optical probe 
pulses at the expense of the coherent features of the reso- 
nance curves. We found that 3-5 repetitions yielded the 
most success; two repetitions mimicked certain aspects of 
Ramsey interrogation, complicating curve fitting, while 
many more repetitions led to broadening of resonances. 
We aggressively searched for, and did not find at the level 
of 10~^ of the light shift, any shifts in the resonance cen- 
ters due to the additional pulses. 

We employ a similar technique to measure the 
5D3/2,m = ±1/2 splitting ujij. After a period of laser 
cooling, the 650 nm laser beam is made circularly polar- 
ized; for instance, a~ . Population accumulates through 
optical pumping in the 5D^/2 "t. — —1/2 and m = —3/2 
levels. The fraction of population in to = —1/2, which 



we call a 



-1/2: 



turns out to be an important parameter 



of systematic effects discussed later. Figure [S] shows the 
result of a rate equation model for determining a_i/2 for 
a given 650 nm laser misalignment and degree of circular 
polarization; notice that a_ij2 is maximized with imper- 
fect polarization. With the 650 nm and 493 nm lasers 
shuttered, a timed radio frequency pulse is engineered to 
transfer population from the m = -1/2,-3/2 manifold 
to the TO = -1-1/2,-1-3/2 manifold of 51)3/2. Though the 
four-state spin flip dynamics are different from the well 
known J = 1/2 case, an effective 'yr-pulse' can nonethe- 
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FIG. 6: These data demonstrate theoretically (top) and ex- 
perimentally (bottom) distortions in light shifted 5D3/2 spin 
resonance curves resulting from using the same spin-flip ex- 
posure time for large and small light shifted resonances. At 
large light shifts Ad 2> f^D, the 5D3/2,m = ±1/2 levels are 
isolated into an effective two level system with a different 
Rabi frequency than the unshifted J — 3/2 system [25l. [2^. 
At small light shifts A ~ fio, the tensor light shift makes all 
the 5-D3/2 splittings quasi resonant, leading to complicated 
lineshapes. 



less be defined that results in maximum population trans- 
fer in analogy to a spin-flip [26|. The dim, circularly po- 
larized 650 nm laser again probes the 5D3/2 state, trans- 
ferring any population in the upper spin manifold out to 
the ground state via a likely decay from 6P1/2 while an 
ion left in the m = —1/2 or to = —3/2 state is likely unaf- 
fected. A 455 nm shelving pulse moves an ion in 6S'i/2 to 
the metastable state, as before. Finally, resonant 

650 nm and 493 nm laser light results in bright ion flu- 
orescence as long as the ion is not in the 5Dr,/2 shelved 
state; dim observed fluorescence is correlated with the 
success of the rf spin flip. 

As seen in previous work [l6j . and Figure |6l the shape 
of the curves differs from the familiar sin^ Qt dependence 
relevant in the J = 1/2 case, but can be fit to the so- 
lution of the appropriate optical Bloch equations ^t\ . 
Some details of the resonance curves depend sensitively 



on the initial condition i 



-1/2 ' 



of the 51)3/2 state, as well as 



the duration, polarization, and alignment of the 650 nm 
probe pulse. 
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FIG. 7: In this example spin resonance data set, we find the 
Zeeman splittings ujs and lud with and without application 
of an off-resonance light shift laser. Though coherent features 
are observed on the spectral lines, in practice we fit the reso- 
nance profiles to Gaussian lineshapes since temporal magnetic 
drift and light shift laser intensity, pointing, and polarization 
noise tends to broaden the lines. 



IV. MEASUREMENT OF LIGHT SHIFTS 

Here we describe our measurements of the vector light 
shifts As and Ad due to an applied beam of off-resonant, 
circularly polarized light. The ratio R = As/Ad (see 
Eq. [7H9]) is independent of the intensity of the laser, and 
largely independent of errors in polarization and align- 
ment; see Figure [7] for an example data run. A previ- 
ous report [l6| details our result using a single-frequency 
Argon-ion laser at 514.531 nm. We will now discuss a 
new measurement using a IW, polarization-preserving, 
Yb-fiber laser (Koheras) at 1111.68 nm. Though tun- 
able, we operated this laser with no active frequency sta- 
bilization; its wavelength was checked with a commeri- 
cal wavemeter between measurements so that laser fre- 
quency variations would cause only a 10~^ relative error 
in our reported value of R. After warm-up, the laser's 
long term power variation, measured after a high quality 
polarizer, was less than 2%. The light shift beam polar- 
ization was made circular with an achromatic quarter- 
wave plate (|(t| > 0.9) or Babinet-Solieil compensator 



{\a\ > 0.95). The beam is aligned to counter-propagate 
along the 493 nm and 650 nm resonant beams, and there- 
fore also along the magnetic field, confirmed to within 5° 
by separate optical pumping experiments. 

We took interleaved resonance scans of ujs, ^d, ^^s^ 
and ujj^^ , the latter being spin- resonance scans with the 
light shift laser incident on the ion. The scans uig^ and 
Lu^^ differed from ojs and ujd in only two respects. First, 
because the residual power, pointing, and polarization 
noise of the light shift laser causes drift in the frequen- 
cies (jJg^ , and ujj^^ , we used higher spin- flip radio fre- 
quency voltages during the light shifted scans to power- 
broaden the resonances by factors of 2-10; however, the 
radio frequency pulse 'area' Qst was kept constant. Sec- 
ond, the tensor part of the light shift in the 5D3/2 state 
made the 51)3/2,™ = ±1/2 levels an effective two-level 
system for light shifts large compared to the spin flip 
Rabi frequency; i.e. Ajj ^ Qo- In this limit, the spin- 
dynamics of the J = 3/2 system changes such that the 
effective 7r-pulse exposure time scales down by a factor 
of 2 compared to the unshifted 51)3/2 sublevels [l^l; see 
Figure [HI Therefore, the corect spin-flip rf pulse 'area' 
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A typical resonance curve scan consisted of a few hun- 
dred spin-flip trials at about 20 equally spaced radio fre- 
quencies, 10 or so of which would be on or near- resonant. 
About 1 hour of data taking would reach ^ 1 Hz sta- 
tistical resolution on the few MHz lus and lud- Four to 
eight hours of data taking would yield ^ 0.1% statisti- 
cal precision on the quantity R; one such data collection 
run is shown in Figure \7\ Figure [5] shows the results 
of about 40 of these runs at each wavelength, plotted 
against Au/Qo, the most important parameter leading 
to systematic effects. The fitted slope of i? vs. A^ is zero 
within the statistical errors, implying that the light shift 
ratio is independent of laser intensity. Adding statistical 
(one standard deviation) and systematic errors (discus- 
sion to follow) together in quadrature, we find that 



i?(514.531 nm) 
i?(1111.68 nm) 



-11.494(13), 
-0.4176(8). 



(10) 
(11) 



The quoted error in the latter result has been x^- 
corrected by a factor of 1.3 to account for unexplained 
excess scatter in the data; the reduced of the result 
at 514.531 nm is 1.0. 



VI. SYSTEMATIC ERROR ANALYSIS 

A leading virtue of the experiment design is the lack 
of significant systematic effects. Light shifts are propor- 
tional to the laser intensity /, which in general is difficult 
to measure at the site of the ion with any precision. By 
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FIG. 8: Light shift ratio data at 514 nm and 1111 nm plot- 
ted against the most important parameter for systematic ef- 
fects, Ao/i^D (the Ught shift magnitude over the 50^/2 res- 
onance linewidth). Data in the shaded regions are cut from 
the straight line fit because the size of the lineshape fitting 
error is expected to be > 10~^ while the sign is uncontrolled; 
this explains the large scatter at low An/i^D- In each case, 
this data cut does not change the fitted values for R beyond 
the quoted errors. No statistically significant slopes are de- 
rived from these plots which might otherwise imply an effect 
due to hyperpolarizability. To account for the larger than ex- 
pected scatter in the 1111 nm data, we have x'^-corrected the 
reported value. 



measuring the light shifts in two states, however, the in- 
tensity drops out completely in the ratio R. By choosing 
to measure the m = ±1/2 splittings in both the 66*1/2 and 
51)3/2, errors in laser polarization and alignment affect 
the light shift ratio only in second order. By interleav- 
ing the measurements temporally, noise and drift in the 
magnetic field, laser pointing, polarization, and intensity 
are shared by both shifted and unshifted resonances and 
thus do not contribute to the ratio. 

The effects that remain are smaller than the statisti- 
cal precision of the data. The first effect documented 
in this section is the most important: line-shape effects 
that plague the light-shifted 5D3/2 resonance. We then 
consider laser problems: misalignments, polarization er- 



rors, fluctuations, and spectral purity. Next, we analyze 
ac-Zeeman effects from the trapping and spin-flip fields, 
and finally, systematic fluctuations in the magnetic field 
and ion position. 



A. resonance line shape effects 

Though we expect to measure the m — ±1/2 splitting 
A]j in 5£'3/2, the shifts of the outer two splittings 



^uppcr — 



51)3/2 :ni=3/2 



E. 



5D3/2, "1=1/2 ^ ^D, 



(12) 



A 



lower 



E, 



5D, 



2,m=-l/2 — -E'5D3/2,ni=-3/2 " (13) 



nevertheless play a role in shifting the u;^^ lineshape 
through distortions of the resonance profile. Only the 
vector part of the light shift Hamiltonian shifts mag- 
netic sublevels an amount proportional to m. While 
scalar shifts are completely undetectable, the tensor shift 
makes Aupper and Ajowor in general different than Ajj = 
Aniiddie- If the light shifts are comparable in size to the 
spin-flip Rabi frequency A^ ~ fi, then all the shifted 
^D^/2,'rn <-> m ± 1 resonances are quasi-resonant with 
the spin-flip field. Since our optical pumping method 
prepares the 5D^/2 state in some statistical mixture of 
the m = —1/2, —3/2 states, the resulting spin resonance 
curves can be quite complicated and distorted as illus- 
trated in Figure [HI We expect the size of the distortion 
to decrease as the relative size of the vector light shift 
Ao /Qd increases; this is confirmed with a model of the 
Bloch equations. Also, the sign of the distortion reverses 
if the sense of circular polarization of either the 650 nm 
optical pumping beam, or the light shift beam polariza- 
tion reverses; this explains the large scatter of the data 
in Figure [5] at small relative light shifts A^i/Slc. For 
data collected with the 1111.68 nm laser, we performed 
an equal number of data runs in each of the four possi- 
ble light shift polarization and state preparation 
configurations. 

We observe that the size of the distortion depends sen- 
sitively on the optical pumping conditions that prepare 
the ion, while the sign depends on the sense of light 
shift circular polarization ct < or cr > 0, and whether 
the ion is initially prepared in the m = —1/2,-3/2 or 
TO — +1/2, +3/2 manifolds by choosing a or cr"'" po- 
larized 650 nm beam during optical pumping. We mod- 
eled the optical pumping, light shift Hamiltonian, rf spin- 
flip, and detection-by-shelving aspects of the experiment 
by numerically integrating the Bloch equations with the 
spin flip Hamiltonian using Runge-Kutta routines [2^ for 
all conceivable experimental conditions at several can- 
didate light shift wavelengths. Simulated experimental 
data were then subjected to our curve fitting routines to 
determine A^i as we would measure it. The expected 
relative Ao shift error is plotted in Figure [H] against the 
relevant scaling parameter: the ratio of light shift to spin- 
flip Rabi frequency Ad/^d. Intuitively, for 7r-pulses of 
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FIG. 9: Models of the SD^p spin resonance line-fitting er- 
ror. The top graph compares the typical error magnitude for 
514 nm and 1111 nm light shifts considered here. The bot- 
tom graph shows the error profiles for some other candidate 
light shift wavelengths. For each wavelength, the top curve 
assumes initial 5-D3/2 optical pumping fraction a_i/2 = 0.8, 
the maximum typically observed while the bottom curve as- 
sumes a_i/2 = 0.51 which minimizes lineshape error. Dashes 
lines illustrate approximate bounds on Qd/^d that keep the 
line fitting relative error below 0.1%. 



circular polarization aligned along the magnetic field. We 
will show in this section that the light shift ratio R is 
insensitive to misalignments and errors in polarization as 
long as the light shifts are much smaller than the Zeeman 
shifts, 

A5 < us, 
Ad < ujd- 

First we will treat laser misalignments and polarization 
errors following [13, . If a (positive) circularly polar- 
ized laser beam along k is misaligned by a small angle a 
with respect to the magnetic field B, the polarization in 
a spherical basis becomes 

^ I cos a\ 
^ \smaj 

If we further allow a small relative phase S between the 
orthogonal components ex and ey, the light becomes el- 
liptically polarized, 



rf, Ad/^d is also a measure of the vector light shift di- 
vided by the spin-flip linewidth. 

Since the sign of the error depends on both the sign 
of the light shift laser polarization and the sign of the 
circular polarization used for state preparation, in prin- 
ciple the error can be cancelled by performing reversals 
of these parameters. While we did implement such re- 
versals in the 1111 nm data set, the earlier runs using 
514 nm were not systematically controlled in this way. 
Therefore, for a consistent treatment, we have decided to 
cut data which our model suggests has a line fitting error 
of more than 0.1 %. In both data sets, this cut procedure 
does not end up shifting the reported R values by more 
than the stated final precision. 

B. Laser misalignments, polarization errors 

Our experiment is designed to ideally measure only 
vector light shifts which are maximized in the case of pure 



-. / cos a\ 
v2 \smaj 

The size of the vector part of the light shift is propor- 
tional to the degree of circular polarization strength de- 
fined by 

a=\a\^\e*xel (14) 
= |(— cos (5 sin a, 0, cos (5 cos a) I . (15) 

Some refer to the vector part of the light shift as an ef- 
fective magnetic field along the vector cr. When a = 0, 
(7 points along the direction of the main magnetic field 
z, and the quantity Ad defined in Eq. [S] exactly mea- 
sures the vector light shift. But for a 7^ 0, the light shift 
perturbation does not commute with the Zeeman Hamil- 
tonian. Specifically, the total Hamiltonian in the 5D^^2 
state is 



H — -ffzooman + ^^Light shift (16) 



^ (cjd + cos Q cos (5) — -^A^ cos (5 sin a 

— .^A^ cos (5 sin a — ^ (ojd + A^ cos a cos 5) —A^ cos 5 sin a 

— A^cos(5sinQ -t- ^ (a;^) -t- A^ cos a cos 5) — -^A^ cos (5 sin a 

— A^ cos (5 sin a + ^ (ojd + A^ cos a cos (5)y 

I 



(17) 



One can diagonalize this matrix; the eigenvalues corre- 



spond to the shifted state energies. The difference be- 
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tween adjacent m-levels, the observed vector-like shift, 
is 



An = 



A'^ cos (5(2(jJd cos a + A^ cos S) — lOo 



(18) 



which, for small shifts A'^j <^uj£)^ can be expanded into 



cos a cos (5A', 



D 



^'^ (cos^sina)2 + 0(Ag). 



2uj 



(19) 



We see that the observed energy shift A^ is reduced given 
finite misalignments and polarization errors. The first 
term, linear in A'^ however, is common to both A^ and 
A5 and therefore cancels in the ratio. We mechanically 
constrain misalignment angles to below 5°, verified by 
the observed efficiency of optical pumping. Deviations 
from true perfect circular polarization are almost always 
less than 5%. For the typical A^ « 10 kHz light shift 
on a background magnetic field splitting lojj k, 2.5 MHz, 
the relative error due to Eq. [Tn]is less than 1 x 10^^. A 
similar treatment of the tensor shift 27] mixed into A^i 
by a misaligned beam gives a similarly small error. The 
relative systematic shift is 



A 



i), tensor 



3 Ao 

4 lod 



sm 



2 sin a) 



(20) 



Laser frequency error, spectral impurity, 
residual fluctuations 



How accurately must we measure and control the light 
shift beam wavelength? Consider a quantity i?', the rel- 
ative light shift ratio slope with respect to wavelength: 



i?'(Ao) 



1 dR{\) 



R{\o) d\ 



(21) 



We expect \R'\ to become large only near Ba"*" dipole 
transitions. Using existing literature values for the bar- 
ium reduced matrix elements, we plot this function in 
Figure 1101 Examining it helps us determine the level 
of laser stability required at particular wavelengths. If a 
given laser can be stabilized to within AA over the course 
of the experiment then the contribution to the expected 
relative error in the reported light shift ratio is 



R 



|i?'(Ao)|AA. 



(22) 



The maximum drifts observed using a wavemeter over 
the months spent collecting data were AA — 0.001 nm 
and 0.01 nm for the 514.531 nm and 1111.68 nm lasers 
respectively. We adjusted the wavelength of the Yb-fiber 
laser at the beginning of each data run but made no 
attempt to actively stabilize it. The Yb-fiber laser is 
pumped with high power 795 nm diode lasers. Using a 
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FIG. 10: An estimate of the light shift ratio slope \R'\ with 
respect to wavelength gives us an idea of how sensitive the 
measured light shift ratio will be to fluctuations in the laser 
frequency. The slope diverges near atomic dipole resonances. 
In regions with an expected relative error \R'\ < 0.1 nm"'^, a 
laser with free running stability of AA = 0.01 nm contributes 
a relative systematic error to the light shift ratio of 10"'^. 
The region with low \R'\ around 470 nm is in-between the 
6S\/2 6P1/2 and 65*1/2 ^ 6P3/2 transitions. 



prism we separated out and observed < 1 mW of pump 
light emitting from the fiber. Any residual pump light 
that did end up focused on the ion would not likely be 
well circularly polarized since the polarizing elements we 
employ are wavelength dependent. The purity and sta- 
bility of the 514 nm laser is discussed elsewhere [l^ H^. 
We programmed the data acquisition system to monitor 
the light shift beam power with a photodiode and halt 
data taking in the case that the light shift power drifted 
5% above or below a set point. We employed active laser 
intensity control during the experiments at 514 nm. 



D. Off-resonant, rf ac-Zeeman shifts (i.e. from 
trapping currents) 

All our spin resonance measurements are infected with 
off-resonant magnetic light shifts (the ac-Zeeman effect) 
because measurements of the g-factor ratio 



^ g(65'i/2) 

~ 5(5£'3/2) 



(23) 



consistently deviated from the precisely measured value 
G = 2.505220(2) [13]. The sign of the deviation changes 
as we move the resonances above the trap frequency by 
increasing B [2^. Further, as shown in Figure [TTl the 
deviation scales with the trapping rf strength which con- 
firms that rf currents at the trapping frequency Wtrap ~ 
9.5 MHz generate an oscillating magnetic field of suffi- 
cient size to shift our single ion resonances. Such an off- 
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that require broadening the resonances with larger spin- 
flip fields. f7fpi„ flip < 2 kHz and Q^^,^ < 4 kHz during 
our experiments, so we can bound the effect on the res- 
onances to below 1 Hz. This translates into systematic 
light shift errors of « 5 x 10~^ for the bulk of the data. 
Though this effect is well below the statistical sensitiv- 
ity and dwarfed by other systematics, we attempted to 
search for any shift that scaled with llspin flip by taking 
special interleaved data runs differing only in spin-flip 
magnitude by a factor of 25. 



2.0 2.5 
Trap power (W) 



FIG. 11: Data showing tlie measured (/-factor ratio deviation 
with trap rf strength. An electrical model shows it is plausible 
for this shift to be due to the off resonant ac-Zeeman effect. 
In [2^ we argue that the net effect on the measurements of 
R reported here are at the 5 x 10~^ level - far below the 
statistical sensitivity. 



resonant shift can be written in terms of the magnetic 
dipole interaction strength (a Rabi frequency) fitrap rf 
and detuning from resonance. Including the Bloch- 
Siegert term we have shifts in the 65*1/2 and 50^/2 spin 
resonances 



trap rf 



Alu 



^2 

trap rf 



^trap rf 



2(^trap - ^s) 2(^trap + ^s) 



rap 
^ ^trap rf 



ap 
"trap rf 



(24) 
(25) 



A plausible model for the source of these shifts are mag- 
netic currents caused by the high voltage trap rf, but 
not micromotion of the ion in an inhomogeneous mag- 
netic field [25:] . We demonstrate that the largest relative 
effect these shifts have on the light shift ratio R is at 
the 5 X lO^'' level but could be much worse if the trap 
rf is made nearly degenerate with any spin resonances, 
or if any light shift was large compared to the Zeeman 
splittings. 



F. Correlated magnetic field shifts 



Any change in the magnetic field correlated with the 
measurement of 65*1/2 versus 5D3/2 resonances vanishes 
entirely in the light-shift ratio. However, a change in 
B correlated with the application of the light shift laser 
does not cancel out. The only conceivable mechanism 
is a fluctuation of the magnetic field due to the actua- 
tion of the stepper-motor shutter gating the light shift 
laser. We try to suppress any such effect with two layers 
of magnetic shielding, and by placing the shutter more 
than 1 m from the trap with the solenoid aligned perpen- 
dicular to the quantization axis. A flux-gate magnetome- 
ter placed just outside the magnetic shielding showed no 
change larger than 1 mG correlated with the light shift 
beam shutter. Testing for any shift using the ion itself is 
straightforward: leaving the light shift laser turned off, 
we performed a typical light shift ratio data run with nar- 
row uju resonances. During several dedicated scans, we 
flnd that there are no apparent shutter-correlated shifts 
at the ±2 Hz level. The error would be correlated in both 
65i/2 and 5D^/2 resonances and larger in the former by 
the g-f actor ratio of 2.5. We put limits on the error in R 
due to this effect to ~ 2 x 10~^ for 10 kHz type shifts. 
Despite being below the statistical sensitivity, we assign 
this error estimate to each light shift run. 



E. On-resonant, rf Bloch-Siegert shift (i.e. from 
spin-flipping field) 

The resonant spin-flip fleld is itself responsible for an 
ac-Zeeman light shift through the Bloch-Siegert effect: 

4^0 

The effect would cancel in the light shift ratio if we 
probed the light-shifted and unshifted resonances with 
the same rf power. In practice we do not since the light- 
shifted resonances undergo a substantial amount of tem- 
poral noise, from fluctuating laser intensity or pointing. 



G. Systematic ion displacements 

Any systematic shift in the ion's position due to the 
application of the light shift laser will lead to a light shift 
ratio error: a displaced ion experiences a different light 
intensity and magnetic field. Also, the dipole force on 
an ion in the 65i/2 will be in principle different than 
when in the 51)3/2 state. Fortunately the rf trapping 
force dwarfs these effects by many orders of magnitude. 
Previous work [27] also treats systematic movement of 
the ion trap loop and fluctuations of the pseudo-potential 
due to application of the spin-flip rf: such mechanisms 
contribute to a systematic shift at a level far below the 
other effects considered in this section. 
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VII. THE EXTRACTION OF MATRIX 
ELEMENTS 

As a simple first step, we can turn our results into val- 
ues for reduced dipole matrix elements, by solving for two 
desired quantities in Eq. [9l using literature values of the 
other required dipole matrix elements as 'known' quanti- 
ties. Performing this operation using literature values [Sj] 
yields 

|(5i?3/2||er||6Pi/2)| =3.14(8)eao 
|(5i?3/2||er||4F5/2)| = 4.36(36)eao, 

where the errors are due mainly to uncertainties in the 
literature values. There are additional errors due to 
terms in Eq. [9] we have not included, such as core ex- 
citations and continuum states. The latter should con- 
tribute at the few percent level; studies of the dc-Stark 
effect in Ba"*" 3l| that imply the fractional effect of high- 
n and continuum levels is ~ 1.4 x 10^* for 6S'i/2,ni = 



±1/2 states and « 2.9 x 10"^ foj. 



3/2) 



1/2 
= ±1/2 



states. Without such corrections, the value we obtain 
for |(5D3/2||er||6Pi/2)| is in good agreement with both 
the theoretical and experimental results summarized in 
TablelH Our determination of |(5I?3/2||e?'||4F5/2)| is the 
first precision measurement known to us, and is in rea- 
sonable agreement with the theoretical estimate. 

A more sophisticated approach to analyzing our re- 
sults, currently underway |32l |. utilizes modern many- 
body atomic theory at all stages of the calculation. Such 
a direct ah initio calculation of the light shift ratio R 
should enable our measurements to provide an exacting 
test of atomic theory. 
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